Abstract. Vaccination of both newborns and susceptibles is included in a transmission model for a disease that confers immunity. The interplay of the vaccination strategy together with the vaccine efficacy and waning is studied. In particular, it is shown that a backward bifurcation leading to bistability can occur. Under mild parameter constraints, compound matrices are used to show that each orbit limits to an equilibrium. In the case of bistability, this global result requires a novel approach since there is no compact absorbing set. 1. Introduction. Vaccination is a commonly used method for controlling diseases, e.g., pertussis, measles, or influenza. Mathematical models including vaccination aid in deciding on a vaccination strategy and in determining changes in qualitative behavior that could result from such a control measure (see, e.g., [5, 6] ). If the vaccine is not totally effective, then recent models show that a backward bifurcation is possible for some parameter values [9, 10] . In such a case, the basic reproduction number as modified by vaccination must be reduced below a certain threshold (that is less than one) in order to ensure that the disease dies out. Backward bifurcation has been observed in other disease transmission models, for example the HIV/AIDS models discussed in [2, 8] and the bovine respiratory syncytial virus model in [4] .
Introduction.
Vaccination is a commonly used method for controlling diseases, e.g., pertussis, measles, or influenza. Mathematical models including vaccination aid in deciding on a vaccination strategy and in determining changes in qualitative behavior that could result from such a control measure (see, e.g., [5, 6] ). If the vaccine is not totally effective, then recent models show that a backward bifurcation is possible for some parameter values [9, 10] . In such a case, the basic reproduction number as modified by vaccination must be reduced below a certain threshold (that is less than one) in order to ensure that the disease dies out. Backward bifurcation has been observed in other disease transmission models, for example the HIV/AIDS models discussed in [2, 8] and the bovine respiratory syncytial virus model in [4] .
Our model is a generalization of that of [10] , allowing individuals recovering from the disease to go into a temporarily immune class rather than directly back into the susceptible class. A recent model [9] allows for a recovered class and considers vaccination for a disease that has acute and chronic infective stages as well as variable infectivity.
In section 2, we develop our model with general parameters, and illustrate its behavior in section 3 by using vaccination-related values appropriate for pertussis [1, 5] . In particular, we focus on the vaccination parameters and how changes in these may alter the qualitative behavior of the model by leading to subthreshold endemic states via backward bifurcation. Some local stability results are proved.
Previous investigations of the stability of subthreshold endemic states associated with backward bifurcations rely mainly on local results. We use compound matrices and geometric ideas to develop global results under mild parameter restrictions. These tools have been used for analyzing other models of disease transmission in which there is a unique endemic equilibrium; see, e.g., [11, 14, 16, 18] . In section 4, we present a brief summary of this geometric approach for studying the global dynamics of our model, concentrating on the novel features. This method is then used in section 5 to prove global results for the model. (Some technical details are placed in Appendices A and B.) Concluding remarks are given in section 6.
Formulation of an SIRS model with vaccination.
Following [10] , but with newborn vaccination and a recovered class, the model has the flow diagram given in Figure 2 .1 with the following assumptions. Each of the N individuals can be in one of four states: susceptible, infective, recovered, and vaccinated; the numbers in these states are denoted by S, I, R, and V , respectively. Thus, N = S + I + R + V . Birth occurs in the system with rate constant d > 0. Of these newborns, a fraction α ∈ [0, 1] are vaccinated at birth. Death occurs with the same rate constant d as birth; thus the total population N is constant. The transmission coefficient β is the number of contacts made by one infective per unit time multiplied by the probability that a contact with a susceptible leads to infection. The disease is transmitted horizontally, with the transmission modeled using a standard incidence function; thus the rate at which susceptibles become infective is βSI/N . For contacts between infectives and vaccinated individuals this coefficient is multiplied by a factor σ ∈ [0, 1]. Thus 1 − σ is the vaccine efficacy. Susceptible individuals are vaccinated with rate constant φ, and the vaccine protection wanes with rate constant θ > 0. Infective individuals recover with rate constant γ > 0 and then have temporary immunity. They leave the recovered state with rate constant ν. We assume αd + φ > 0 to ensure that there is a nonzero flow of individuals into class V . The model is formulated as the following system of ordinary differential equations:
with nonnegative initial conditions and N (0) > 0.
System (2.1) is well posed: solutions remain nonnegative for nonnegative initial conditions. As the total population is constant, the system can be rewritten in terms of proportions as
where here S, I, R, V denote the proportions in the susceptible, infective, recovered, and vaccinated states, respectively. Conclusions about system (2.1) can be easily recovered from system (2.2), and we employ system (2.2) from now on. System (2.2a)-(2.2c) can be written as dx/dt = f (x) with x = (S, I, R)
T . In the case σ = 1, the vaccine is totally useless, and (2.2) reduces to an SIRS model without vaccination. The behavior is then determined by R 0 = β/(d + γ). This is the classical basic reproduction number in the SIRS model, namely, the average number of new infections caused by one infective (in a completely susceptible population) during the infective period. From now on we assume that σ < 1.
Equilibria and bifurcations.
For system (2.2), there is always the diseasefree equilibrium (DFE)
Now consider endemic equilibria with I = I * > 0. From (2.2b) at an endemic equilibrium, β(S + σV ) = d + γ. Since S + σV < 1, this can be true only for β > d + γ; hence, for R 0 ≤ 1 there exists no endemic equilibrium. For R 0 > 1, the existence of endemic equilibria is determined by the presence in (0, 1] of positive real solutions of the quadratic
Thus, depending on parameter values, the number of endemic equilibria is zero, one, or two. For σ = 0 (the vaccine is totally effective), at most one endemic equilibrium is possible. From now on we make the realistic assumption that the vaccine is not totally effective, and thus 0 < σ < 1. From (2.2a)-(2.2d), it can be shown that if I * is a positive solution of P (I) = 0, then S * , R * , and V * are positive; thus the equilibrium is biologically relevant. For a positive real solution I * to P (I) = 0, the endemic equilibrium point (EEP) in system (2.2) is given by Table 3 .1 are appropriate for pertussis [1, 5] , whereas β and ν are estimated to illustrate our bifurcation results. Figure 3 .1(a) shows the situation that prevails when the bifurcation is a classical forward one. In this case, an increase in σ through some critical value σ c (which depends on the other parameter values) leads through a transcritical bifurcation to a unique endemic equilibrium. Figure 3 .1(b) shows the occurrence of the backward bifurcation. In this case, an increase of σ leads to the curve P (I) becoming tangent to the horizontal axis defining a critical value σ c at a saddle-node bifurcation. As σ becomes larger than σ c , two equilibria exist. We expect bistability with the DFE and the equilibrium with the larger I value being stable. As σ increases further, the equilibrium with the smaller I value moves to the left. When this equilibrium leaves the positive orthant through a transcritical bifurcation with the DFE, there is only one endemic equilibrium.
Since the concavity of the quadratic P (I) is fixed (as A < 0), observation of Using for example the method of [20] , the basic reproduction number as modified by vaccination is
which from (3.1) gives
We write R vac (σ) to indicate σ as the bifurcation parameter when all other parameters are fixed. Note that 
When two endemic equilibria are present, let X * and X * be the endemic equilibria with the larger and smaller value of I * , respectively; when R vac = R c and a unique endemic equilibrium exists, it is denoted by X * ; when R vac = R c and a unique endemic equilibrium exists, it is denoted by X c . A global result (for R 0 < 1) and local stability of the equilibria are summarized in the following theorem, which justifies the stability of equilibria as shown in Figures 3.1(c) and 3.1(d). 
In the case in which two endemic equilibria exist, det ∂f ∂x (X * ) > 0 and tr ∂f ∂x (X * ) < 0. Thus ∂f ∂x (X * ) has a positive eigenvalue and two eigenvalues with negative real part, making X * unstable hyperbolic.
Let λ j , j = 1, 2, 3, be the eigenvalues of
It can be shown that det ∂f ∂x (X * ) < 0 and so λ 1 λ 2 λ 3 < 0. This means that either
Assume now that θ ≤ ν, and consider the second additive compound [12] of the Jacobian matrix ∂f ∂x [2] (
Using the signs of the matrix elements, it is easily shown that det ∂f ∂x
The eigenvalues of ∂f ∂x [2] (X * ) are λ i + λ j , 1 ≤ i < j ≤ 3, and so −1 = sgn det ∂f ∂x [2] (X * )
Thus, (λ j ) < 0 for j = 1, 2, 3, and therefore X * is locally asymptotically stable. Remark 3.3. For all of the numerical simulations performed here, the parameters satisfy θ ≤ ν; i.e., the average period of immunity is no longer than the average vaccine waning time. If θ ≥ ν, then there is no endemic equilibrium for R vac ≤ 1, since each of the coefficients in P (I) is nonpositive; thus there can be no bistability.
More general techniques are needed to determine the global dynamics for the case R 0 > 1.
A geometric approach to global dynamics.
In this section, a brief outline of a general mathematical framework for studying global dynamics is given. This approach to global dynamics is developed in the papers of Smith [17] and Li and Muldowney [12, 13, 15] . While this method is usually applied to demonstrate the global stability of a unique equilibrium [11, 14] , here it is used to demonstrate bistability for a system that exhibits a backward bifurcation. In [11, 14] , compound matrix techniques together with the existence of a compact absorbing set are used to prove global asymptotic stability of the endemic equilibrium point. For cases in which our model exhibits bistability, no such compact absorbing set exists; thus, a sequence of surfaces that exists for time > 0 and minimizes the functional measuring surface area must be considered.
Let B be the Euclidean ball in R 2 , and letB and ∂B be its closure and boundary, . Consider a functional S on surfaces in D defined by
where u = (u 1 , u 2 ), u → ϕ(u) is Lipschitzian onB, the wedge product [19] ), and P is an (
The following result follows from the development in [12] and [15] .
Proposition 4.1. Suppose that ψ is a simple closed rectifiable curve in R n . Then there exists δ > 0 such that
. Functionals of the form (4.1) give a measure of the surface area of the surface ϕ. In this context, Proposition 4.1 can be interpreted as stating that, given a curve ψ ⊂ R n and a measure of surface area, all surfaces with boundary ψ have surface area uniformly bounded away from zero.
(This is used in section 5 with x = (S, I, R) T for the system (2.2a)-(2.2c).) For any surface ϕ, the new surface ϕ t is defined by ϕ t (u) = x(t, ϕ(u) ). Note that when viewed as a function of t, ϕ t (u) gives the solution to (4.2) that passes through the point ϕ(u) at t = 0.
It is shown in [15] that D + Sϕ t , the right-hand derivative of Sϕ t , is given by
where the matrix
Here P f is the directional derivative of P in the direction of the vector field f , ∂f ∂x [2] is the second additive compound [12] of and all x ∈ D, then Sϕ k ≤ Sϕ k e −η , and therefore there exists l such that Sϕ l < δ. This implies that the boundary of ϕ l is not ψ, and therefore ψ is not invariant under (4.2). Thus, if for every simple closed curve ψ in D there is a sequence of surfaces {ϕ k } in Σ(ψ, D) that all remain in D for some time > 0, and there is a surface functional S of the form given in (4.1), then the condition D + z ≤ −η z precludes the existence of invariant closed curves, including periodic orbits, homoclinic orbits, and heteroclinic cycles.
The above conditions are robust under local C 1 perturbations to the original differential equation (4.2). Thus, if (4.2) satisfies the above hypotheses, then so do all systems that are sufficiently C 1 -close to (4.2). Therefore, Pugh's closing lemma [7] leads to the following result in the spirit of Criterion 3.1 in [15] , giving conditions that preclude the existence of nonconstant nonwandering points. In order to apply the theorem to a particular system, it is necessary to find a norm · and a matrix P (which then determines the matrix Q) such that D + z ≤ −η z and to show that an appropriate sequence of surfaces exists.
Global analysis of the SIRS model with vaccination.
Recalling that for R 0 < 1 the DFE is globally asymptotically stable (Theorem 3.2), we now apply the theory outlined in the previous section to system (2. T is given by
where V = 1 − S − I − R from (2.2d). The second additive compound [12] of the Jacobian matrix is the 3 × 3 matrix given by ∂f ∂x 
This norm is used as a Lyapunov function for system (4.4). The following two propositions, with proofs given in the appendices, lead to our main result.
Proposition 5.1. Assume that in system (2.2a)-(2.2c) the parameters satisfy the following inequalities: Proof. Let Γ be a positive semitrajectory inD with omega limit set Ω. Suppose that Ω intersects the interior of D. Propositions 5.1 and 5.2 ensure that Theorem 4.2 can be applied to system (2.2a)-(2.2c). Theorem 4.2 implies that every omega limit point of (2.2a)-(2.2c) in the interior of D is an equilibrium. Since the system has a finite number of equilibria, there are only a finite number of points in the interior of D which can be in Ω. As Γ is bounded, Ω must be connected. Thus, Ω must consist of a single equilibrium.
Suppose, on the other hand, that Ω is contained in the boundary ∂D of D. Since omega limit sets are invariant, Ω must be contained in the largest invariant subset of ∂D. By considering (2.2a)-(2.2c) with the assumption that θ, γ, and αd + φ are positive, it is easily shown that {X 0 } is the only invariant subset of ∂D and therefore Ω = {X 0 }.
For the parameters given in Table 3 .1 and used in Figure 3 Proof. Statements (i) and (iii) follow directly from Theorem 5.3. For (ii), R vac > 1, and so the DFE is unstable with a two-dimensional stable manifold (see (5.1)), which is {I = 0}. Since from Theorem 5.3 every solution limits to an equilibrium, and since solutions with I(0) > 0 do not go to the DFE, they must limit to X * . * is locally asymptotically stable. Thus it has a basin of attraction with positive measure. It is shown in section 3 that X * is unstable hyperbolic. Thus, the set of points which limit to X * has Lebesgue measure zero. When there are two endemic equilibria, R vac < 1, and thus X 0 is locally asymptotically stable and has a basin of attraction with positive measure.
Remark 5.6. For ν sufficiently large (i.e., a sufficiently short period of immunity), inequalities (5.4) hold and the conclusion of Corollary 5.5 holds. In the limiting case as ν tends to infinity, upon recovery infective individuals progress directly to the susceptible class; thus the model reduces to an SIS model with vaccination, similar to that considered in [10] .
Remark 5.7. By using norms other than the norm given by (5. 
then (5.4) can be replaced with
For parameter values given in Table 3 .1, the inequalities found in (5.4) are less restrictive than those given in (5.5) or (5.6).
Concluding remarks.
The model formulated in section 2 incorporates vaccination for a disease in a simple manner, with vaccinated individuals in a class distinct from that of the individuals who have recovered from the disease. By contrast, in some models (e.g., [3] ) these two classes are combined. The basic reproduction number as modified by vaccination, namely R vac as given by (3.2) , is a key parameter in our model. To eradicate the disease, it may not be sufficient to reduce R vac below one. In the case of bistability, R vac must be further reduced; see Figure 3.1(d) . Increasing vaccination of either newborns or the population at risk has the effect of reducing R vac . An important parameter in R vac is the efficacy of the vaccine, namely, 1 − σ. Bistability may occur for a range of σ values. This range depends on the values of the other parameters in the model. The occurrence of a backward bifurcation is illustrated for some parameter values in Figures 3.1(b), 3.1(d), 3 .2, 5.1. In the case of bistability, the asymptotic behavior of the proportion of infectives depends on the initial conditions. In such a situation, global analysis is more complicated than in a situation with a unique endemic equilibrium and a compact absorbing set. An appropriate sequence of surfaces that minimizes the functional measuring surface area must be considered. This novel approach is outlined in section 4 and then applied to our model in section 5. Global results are proved under mild parameter restrictions, and it is indicated that alternative restrictions arise from alternative choices of norms. The rate of vaccination of susceptibles and the vaccine waning rate play a role in these restrictions, whereas the vaccine efficacy and the proportion of newborns vaccinated do not. Theorem 5.3 rules out any complicated behavior (e.g., limit cycles) under mild parameter restrictions, and numerical simulations have found no such behavior for any parameter values. A more realistic model including vaccination should incorporate age structure and demographics (see, e.g., [5] ). However, global results are then not available, and simulations must be performed to gain some insight into the model behavior and to determine vaccination strategy.
The analysis of our model can be regarded as the first application of using a minimizing sequence of surfaces in this context. This method may also be useful in other models for which there exist solutions that limit to boundary equilibria. 
Thus, in order that D + z be bounded away from zero on the negative side for all z and all I > 0, we require that
Since z 1 < z 2 , this becomes
In order that D + z be bounded away from zero on the negative side for all S, I, V > 0, we require that
Thus, in this case, D + z is automatically bounded away from zero on the negative side.
Case 4. If z 1 < 0 < z 2 , z 3 and |z 1 | + |z 3 | < |z 2 | + |z 3 |, then z = |z 2 | + |z 3 | and
Thus we require that
Thus, we require that (A.1) hold.
Thus, we require that
Case 8. If z 3 < 0 < z 1 , z 2 and |z 1 | + |z 3 | < |z 2 |, then z = |z 2 | and are linearly dependent, and so their wedge product is zero [19] . Therefore 
